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Abstract. We uncover a somewhat surprising connection between spaces of multiplicative maps between 
AcxD-ring spectra and topological Hochschild cohomology. As a consequence we show that such spaces become 
infinite loop spaces after looping only once. We also prove that any multiplicative cohomology operation in 
complex cobordisms theory MU canonically lifts to an A^o-map MU — > MU. This implies, in particular, 
that the Brown-Peterson spectrum BP splits off MU as an Aoo-ring spectrum. 



1. Introduction 

The main purpose of the present work is to provide a workable method for computing the homotopy 
type of spaces of Aoo-maps between Aoo-ring spectra (or S'-algebras in the terminofogy of [8]). We make 
substantial use of the previous results by the author in [10] and for the reader's convenience a brief summary 
of these is given in Section 2. In Section 3 we collect miscellaneous technical results concerning function 
spectra and topological Hochschild cohomology. Some of these results are surely known to experts but never 
have been written down. The formula (3) (base change) deserves special mention. While easy to prove it is 
extremely convenient when computing with various spectral sequences. 

Our first main result (Theorem 4.3) essentially states that the mapping space between two S'-algebras 
A and B is determined after taking based loops by the spectrum of topological derivations 'Der{A, B). 
Therefore the problem of computing higher homotopy groups of this mapping space is a problem of stable 
homotopy which turns out to be quite amenable, particularly because in many cases Der(A, B) can be 
reduced to THH(A, B), the topological Hochschild cohomology of A with values in B. 

The computation of the zeroth homotopy group of the mapping space is, of course, a completely different 
story. We give a simple answer in the special case when A is a connective S-algebra while B is coconnective 
(that is, with vanishing homotopy in positive dimensions). This is Theorem 4.8. 

Even though the problem of computing homotopy classes of S-algebra maps A B is essentially unstable 
it does lend itself to analysis by methods of obstruction theory developed in [10]. Our second main result 
(Theorem 5.4) demonstrates that any multiplicative cohomology operation in complex cobordism theory MU 
canonically (even uniquely in an appropriate sense) lifts to an S-algebra self-map of MU. This is used to 
show that for an S-algebra E belonging to a fairly large class of complex-oriented theories any multiplicative 
operation MU E lifts to an S'-algebra map. Another corollary is that the Brown-Peterson spectrum BP 
splits off MU localized at p as an S'-algebra. 

The paper is written in the language of S-modules of [8] and we routinely use the results and terminology 
of the cited reference. 

Notations. In Sections 2 and 3 we work in the category of modules or algebras over a fixed g-cofibrant 
commutative S-algebra R, the smash product A and the function spectrum F{—, —) are always understood 
as /\r and Ffi{—, —). In Section 4 we specialize to R — S. The free i?-algebra on an i?-modulc M is denoted 
by T{M). The space of maps between two i?-algebras A and B is denoted by Fn-aigiA, B). If A and B 
are commutative _R-algebras then [A, B]^ denotes the set of homotopy classes of commutative algebra maps 
from Aio B. HA and B are associative i?-algebras then [A, B]a stands for homotopy classes of associative 
algebra maps. For an associative i?-algebra A and two A-modules M and N we denote by [Af, N]A-mod 
homotopy classes of A-module maps from M to N . Similarly [M,N]A-bimod stands for homotopy classes of 
bimodule maps. Finally we denote by Mult{E, F) the set of multiplicative (up to homotopy) maps between 
ring spectra E and F. To distinguish between strict isomorphisms and weak equivalences we will use, as a 
rule, the symbol ' for the former and ' ~' for the latter. 
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2. Topological derivations and topological singular extension of ^-algebras 

In this short section we give an overview of some of the author's results from [10] which will be needed 
later on. 

Let ^ be a g-cofibrant i?-algebra and M a g-cofibrant A-bimodule. Then the i?-module Av M has the 

obvious structure of an i?-algcbra ('square-zero extension' of A). Consider the set [A, AV M]a/A of homotopy 
classes of i?-algebra maps from A to ^ V M in the category of i?-algebras over A, that is the i?-algebras 
supplied with an i?-algebra map into A. 

Theorem 2.1. There exists an A-bimodule SIa and a natural in M isomorphism 

[A, A V M]a/A = i^A, M]A-,nrnod 

where the right hand side denotes the homotopy classes of m,a,ps in the category of A-bimodules. 

Remark 2.2. Sometimes we will need a refinement of the above theorem which is formulated as follows. 
Let B be an R-algebra over A, i.e. there exists a fixed R-algebra map B ^ A. Then there is a natural 
isomorphism 

[A, B V M]a/B = [A As Ab A, M] 

A — bimod- 

Furthermore an A-bimodule M can he considered as a B-bimodule and we have 

[B, B V M]a/B = [^B,M]B-Mrnod = [A Ab ^B Ab a, M]A-Umod ^[B,A\/ M\a/A- 

The isomorphism [B,B\/ M]a/B — AvM]o/^ will be used without explicit mention later on in this paper. 

Definition 2.3. The topological derivations R-module of A with values in M is the function R-module 
FaaA<'p{^At M). We denote it by Der/f(A, M) and its ith hom,otopy group by Der^{A^M). 

The A-bimodule Q.a is constructed as the g-cofibrant approximation of the homotopy fibre of the multi- 
plication map AaA^ A. There exists the following homotopy fibre sequence of i?-modules: 

THHK(y4, M)^M ^ Der/i(A, M) (1) 

Here THHfl(A, M) is the topological Hochschild cohomology spectrum of A with values in M: 

THHi^(A,M) := FaaAop{A,M) 

where A is the q-cofibrant replacement of A as an A-bimodule. 

We will also have a chance to use topological Hochschild homology spectrum THH^(A, M) := AAaaa^pM. 
If the i?-algcbra A is commutative and the left and right A-modulc structures on M agree then both 
THH^(A,M) and THHfl(A,M) arc j4-modules and there is a weak equivalence of A-modules 

THHh(A, M) ^ J'^(THH^(A, M), A). 

Furthermore in this case the sequence (1) splits giving a canonical weak equivalence T^'R'H.r{A, M) ~ 
E-iDeri?(A,M) VM. 

Suppose we are given a topological derivation d : A ^ Ay M. Consider the following homotopy puUback 
diagram of i?-algebras 

X ^A 



A ^ Ay M 

Here the rightmost downward arrow is the canonical inclusion of a retract. Then we have the following 
homotopy fibre sequence of i?-modules: 

S-^M ^X >A (2) 

Definition 2.4. The homotopy fibre sequence (2) is called the topological singular extension associated with 
the derivation d : A ^ Ay M . 
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Theorem 2.5. Let S~^M X ^ A be a singular extension of R-algebras associated with a derivation 
d : A AV M and f : B ^ A a map of R-algebras. Then f lifts to an R-algebra map B ^ X iff a certain 
element in Der^{B, M) is zero. Assuming that a lifting exists the homotopy fibre of the map 

FR_aig{B,X) ^ FR_aig{B,A) 

over the point f G Fii-aig{B,A) is weakly equivalent to Q,°°'Der r{B ,Y,~^ M) , the 0th space of the spectrum 
DerK(S,E-iM). 

Theorem 2.6. Assume that R is connective and A is a connective R-algebra. Then the Postnikov tower of 
A 

Ao = HttqA ^ Ai i A„ -* An+i -* 

is a tower of R-algebras. Moreover the homotopy fibre sequences 

An ^ An+i ^ S"+iif7r„+i^ 

are topological singular extensions. 

3. Base change and topological derivations of supplemented i?-ALGEBRAS 

In this section we discuss topological Hochschild cohomology and topological derivatons of supplemented 
ii-algebras and the behaviour of the forgetful map I in the hypercohomology spectral sequence. This material 
is largely parallel to [10], section 9 and so most of the proofs will be omitted. 

We'll start with some general lemmas. 

Lemma 3.1. Let A, B, C be R-algebras and M, N , L be an A A B-module, an C A A°^ -module and a 
C A B-module respectively. Then there is a natural isomorphism of R-modules: 

Faab{M, Fc{N, L)) ^ FcMN Aa M, L). 

Proof. Let us first check the above equivalences for ^ A A B A M and N = C A A°p A N. We have: 

FAAB{M,FciN,L)) = Faab{A ABA M,Fc{C A AN,L)) 

S F(M, F{A°P A N, L)) 

^ F{M AA°p AN,L). 

Likewise, 

Fcab{N Aa M, L) ^ Fcab{C A A"p A N Aa A A B A M, L) 
^ F{A°P AN AM,L). 

Observe that the above isomorphisms are natural in M and N that is, with respect to arbitrary maps of 
AaB modules A A B A Mi ^ A A B A M2 3.nd of C A A°P-modules C A A°p A Ni C A A''p A N2 (not only 
those coming from Mi M2 and JVi 7V2). To obtain the general case it suffices to notice that for any M 
and A'' there exist standard split coequalizers of i?-modules 

{A A M r AAB AM ^ M 

and 

(C A ^ >- c AA"p AN ^ N ■ 

With this Lemma 3.1 is proved. □ 

Now let C = iV be an A-bimodule via an i?-algebra map f : A-^ C. Then the C A iJ-module L acquires 
a structure of an A A B-module via the map 

/Aid 

AAB AB ■ 

Furthermore simple diagram chase shows that the isomorphism Fc(C, L) = L is in fact an isomorphism of 
A A B-modules. This gives the following 

Corollary 3.2. There exists the following natural isomorphism of R-modules: 

Fcab{C Aa M, L) ^ Faab{M, Fc{C, L)) ^ Faab{M, L) (3) 
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We will refer to the isomorphism (3) as base change. Related formulae are found in [8], III. 6. 

Corollary 3.3. If an R-algebra B is an A-himodule via a q-cofihration of R- algebras A B . then THH^j (A, B) 
FbaA'>p{B, B) where B is the q-cofibrant approximation of the B A A°p -module B. In particular, THHij(A, B) 
is an R-algebra under the composition product. 

Proof. Denoting by A the g-cofibrant approximation of the A-bimodule A we have the following isomorphisms 
of ii-modules: 

TlIliR{A,B)^FAAAop{A,B) 

- ^AAAopi^^ Fb{B, B)) 

^Fbaaov{B a a A,B). 

The B A A°P-modu\e B Aa A = B A A°p Aaaa^p A is a g-cofibrant B A A°P-module because the functor 

1 ^ B A A°'P AaaA"'''^ preserves g-cofibrant modules. Therefore FsAA^fiB Aa A,B) represents derived 
function B A A°^'-modulc and is equivalent to FbaA°v{B, B). □ 

We now discuss topological Hochschild cohomology and derivations of supplemented i?-algebras. Let A 
be a g-cofibrant -R-algebra. We say that A is supplemented if it is supplied with an i?-algebra morphism 
€ : A ^ B which we will assume to be a g-cofibration of i?-algebras. Denote by il^ the homotopy fibre of 
the map B A A ^ B that determines the structure of a right A- module on B. We will assume without loss 
of generality that is a g-cofibrant right A-module. Recall that the module of differentials Q.a for A is 
defined from the homotopy fibre sequence 

9,A^ A A A^ A 

where the second arrow is the multiplication map. Smashing this fibre sequence on the left with B over A 
we get the fibre sequence 

B Aa^a^ B AA^ B 

That shows that is weakly equivalent to B Aa ^a as a, B A A-module. Further, base change gives a weak 
equivalence 

FbaA^p — Fbaa°p{B a a ^a, B) ~ FAAA^pi^A, B) = Derij(^, B). 

Recall from [10] that there is a 'universal derivation' d: A^ Qa which is defined as the composite map 

A^ AvQa^^a 

where the first map is the map of algebras over A adjoint to the identity map Q,a ^a and the second map 
is the projection. The universal derivation allows one to define the forgetful map I : r>erji{A, B) — » F{A, B) 
as the composite map 

'DevR{A,B) FaaAop{^a,B) ^ Fi^A^B) ^ F{A,B) 

where the last map is induced by d. In terms of the forgetful map I admits the following description. 
The fibre sequence fi^ B AA ^ B splits via the map B = B AR B AAso there is a weak equivalence 
of ii-modules B A ^ ~ B V fl^. Denote by d : A ^ the following composite map 

A^^BAAc^Bvn^ 

the last arrow being the projection onto the wedge summand. Then I coincides with the following composi- 
tion: 

TtevniA, B) = Fbaaop {^l, B) > , B) > F{A, B) 

the first arrow being the forgetful map and the second one is induced by d. 

Next we discuss the behaviour of the forgetful map I in the hypercohomology spectral sequence. To do 
this we need to review algebraic Hochschild cohomology for supplemented algebras. The exposition will be 
somewhat sketchy since it is parallel to [10], section 9. 
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Definition 3.4. Let ^4* be a graded algebra over a graded commutative algebra i?,, supplied with an i?*- 
algebra map e : ^* — > -B* (supplementation). Then algebraic Hochschild cohomology of A^, with coefficients 
in is defined as 

where 0^ denotes the derived tensor product 

Remark 3.5. //A* is flat as an R^,-module, then this definition is equivalent to the standard one found in, 
e.g. [6] 

We also have a generalization of the standard complex which computes Hochschild cohomology. Let i* 
be a differential graded supplemented i?*-algebra which is quasiisomorphic to A* and -R*-projective. Denote 
by e : A* — » its supplementation. Consider the bar-resolution of the right i* -module B*; here and later 
on (g) stands for (giij^ 

B* ^ A^ ^ B* (g) i* (g) ^ (4) 

with the usual bar differential 

d{b (g) a 1 (g) . . . €5 a„) = ±6e(ai) (ga2...iga„ + S±6(gaiig...ig diUt+i (g . . . (g a„. 

We don't specify the signs in this well-known formula, see e.g. [12], Chapter X. This is actually a bicomplex 
since A is a differential graded algebra. Applying the functor Hom^^^^opil ,Bt,) to (4) we get the standard 
Hochschild cohomology (bi) complex 

C'^{A,,B,) = Hom'{Af^ ,B^). 
Now define the module of differentials from the following short exact sequence 

> O^* ^ A, > B, ^ . 

Clearly O^* is quasiisomorphic as a complex of right j4*-modules to the truncated bar-resolution: 

B, if 2 ^ ^ ^ (5) 

The universal derivation d : i* — > O^* is induced by the map i* — > i?« i*, o ^ 1 a — e(a) 1. If we 
take the complex (5) as a model for O^* then the universal derivation d is a map of complexes 

d : A ^ [B, if 2 ^ if 3 ^ . . .} 

where A is considered to be a complex concentrated in degree and d{a) = —1 a 1. 
Further define algebraic derivations of A* with coefficients in B* as 

Der*ji^{A,,B,) = Ext*j^^^^o,{nll,B,). 
Then the (truncated) standard resolution (5) provides a (bi)complex for computing Z)er^^(^*,i?*): 

C*{A^,B,) : Hom{A,,B,) ^Hom{Af^,B,) ^ 

(This is indeed a bicomplex, the additional differential being induced from the internal differential in A^). 
As in the topological case the universal derivation determines the forgetful map 

laig ■■ Der*ji^{A,,B,) = Extl^^^.^,{Clf^,B,) ^ Hom*{A,,B,). 

Then we have the obvious 
Proposition 3.6. The forgetful map 

£>er^.(A,B,) ^ Hom*{A^,B^) = Ext*ii^{A^, B^) 

is induced by the projection C (A*,B*) Ham* {A^,, B^:) times (—1) 

Returning to our topological situation we have the following result which is analogous to Proposition 9.3 
in [10]: 
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Proposition 3.7. Let A, B he R-algehras, A ^ B is an R-algebra map. Suppose that the Runneth spectral 
sequence for 7r*(i? A A°p) collapses and there is a ring isomorphism 

TT^iB A A°P) ^ B, (Si^^A^P 

Then there are the following spectral sequences 

^El* = Der*jiSA*.B,) ^ Ext*^^^n,^^^^^o,^{^l:,R.) ^ Der*{A,B)-, 

"^e;* = Ext*j^^{A,,B,) ^ [A,B]*. 

Furhermore, the forgetful map I : Der*{A,B) —>■ [A,B]* induces a map of spectral sequences ^E^* — > '^E** 
which on the level of E2 -terms gives the forgetful map laig ■= .Der^ — »• Ext*^^ 

4. Mappings spaces via derivations 

In this section we show that for two i?-algebras A and B the higher homotopy groups of the space 
FR-aig{A, B) can be reduced to the computation of certain topological derivations. This is important 
because in many cases topological derivations can be further reduced to topological Hochschild cohomology 
which is an essentially stable object, so that one could apply standard methods of homological algebra for 
computation. As usual, we assume that A is a (/-cofibrant -R-algebra. 

Now consider the i?-module A V T,~'^A, d > 0. It can be supplied canonically with the structure of an 
i?-algebra over A so that T,~'^A is a 'square-zero ideal'. Denote this i?-algebra by A^. 

Let us also introduce the algebra A{d) := A^ , the cotensor of A and the d-sphere 5''. Then A{d) = 
F(IIT,°° S'l, A) as an i?-module (here R stands for the free i?-modulc fimctor. The structure of an i?-algcbra 
on A{d) is induced by the i?-algebra structure on A and the topological diagonal S'^ 5"^ x S"'. The 
coefficient rings of A{d) and Aj^ are both isomorphic to the exterior algebra A^^ (y) where y has degree —d. 
There is also a weak equivalence of i?-modules: 

A{d) ~ A V i:-^A ^ Ad. 

Notice that both A{d) and Ad are i?-algebras over A, that is there exist maps of i?-algebras A(d) A 
and Ad A. (The first map is induced by choosing a base point in S"^, the second map is the canonical 
projection). 

Theorem 4.1. The R-algebras A{d) and Ad are weakly equivalent in the category of R- algebras. 

Proof. First consider the case A = R. Since R is an ii(d)-module it makes sense to consider self-maps of 

R in the category of _R((i)-modulcs. Notice that R{d) is actually a commutative i?-algebra so we need not 
distinguish between left and right i?((i)-modules.. 

Lemma 4.2. 

7r,FR^d){R,R) = R*M 

where the element x has degree d—1. 

Proof. Assume first that R = S, the sphere spectrum. We need this special case because the connectiveness 
of S will be used. If R is connective this step could be skipped. Consider the spectral sequence 

E2* = Extg*i^^^^ (S*,, Sf) 
= Ext*^^^ {y)i^*^ ^*) 
^ S4[x]] TT^Fs(d){S,S). 

Here the element x has degree d—1 This spectral sequence collapses for dimensional reasons. By Boardman's 
criterion [3] it converges strongly to its target which is complete with respect to the (cobar) filtration. Since 
this filtration coincides with the a;-adic filtration on the associated graded S^-module we conclude that 

'^*Fs{d){S, S) = S4[x]]. 

Notice that the fact that S is connective was used to show the collapse of our spectral sequence. For instance 
if d = 1 the elements x'^ are located along the line of slope 1 and the whole spectral sequence E2* lies above 
it. 
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Now let R be an arbitrary commutative ^-algebra. Consider the spectral sequence 

and notice that the unit map S ^ R determines the map of spectral sequences E2* —>■ '-E" taking x to x. 
It follows that 'i?2* collapses proving our claim. □ 

Let us now return to the proof of the theorem; recall that we are still handling the special case A = R. 
Consider the set of maps R{d) Rj, in the homotopy category of i?-algebras over R. By Theorem 2.1 this 
set is an abclian group of topological derivations of R{d) with values in S"**/?. Since R{d) is a commutative 
i?-algebra there is a canonical splitting 

THH*ji{R{d),R)ciRV Der*j^-\R{d),R). 

So the computation of Der'^{R{d), R) reduces to the computation of topological Hochschild cohomology 
THH^{R{d), R). Further Corollary 3.3 provides an isomorphism 

THH*j,{R{d),R)^Fii^d){R,R). 

It follows from Lemma 4.2 that the spectral sequence 

= DerR^{R{d)^,R^) 

= Ext*j,^^^^{fl^l^^^,R.) ^ DerUR{d),R) 

collapses and 

Der*j^\R{d),R) = R4[x]]/R,. 

Further, 

[R{d),R]* = i?, © E'^R, = Ar, (z) 

where the symbol z has degree d (of course, wc do not claim the existence of any irmltiplicativc structure). 
The clement z maps the wedge summand S^'^i? of the i?-module R{d) isomorphically to 'S~'^R, and the 
other wedge summand maps to zero. It follows from Proposition 3.7 that the image of x € Der*{R{d), R) 
in [R{d), R]* under the forgetful map is z (up to an invertible factor). 

In other words we proved that there exists a topological derivation of R{d) with values in R, that is a 
map in the homotopy category of i?- algebras over R 

R{d) -> Rd (6) 

such that the wedge summand T,~'^R of R{d) maps isomorphically onto the corresponding wedge summand 
of Rd- Therefore the map (6) is a weak equivalence of ii-algebras and our theorem is proved (in the special 
case A = R). To get the general case consider the canonical map 

R{d) AA = F(RE°°5^, R)AA^ F{RT,°°S^,A) = A{d) (7) 

Since A is a g-cofibrant ii-algebra the point-set level smash product 

F{IiT,°°S'l,R) A A represents the derived smash product. Further (7) is a weak equivalence since RS°°S'!j5. 
is a finite cell ii-module and diagram chase shows that this is an ii-algebra map. So we have the following 
equivalences of ii- algebras: 

Ad = RdAAc^ R{d) A A ~ A{d) 
With this Theorem 4.1 is proved. □ 

Now suppose that we have another i?-algebra B and a map f : A ^ B oi i?-algcbras. Then the pair 
{FR-aig{A, B), f) is a pointed topological space. This space turns out to be closely related to DerR^A, B). 
We have the following theorem: 

Theorem 4.3. For a q-cofibrant algebra A and a map of R-algebras f : A ^ B the space of d-fold loops 
Q.'^{FR-aig{A,B), f) is weakly equivalent to the space Vf^TieY r{A,Y,~'^ B) . 
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Proof. For two topological spaces X and Y wc will denote the space; of maps between them by T{X, Y) 
{%,{X, Y) in the pointed case). Then we have the following commutative diagram of spaces where both rows 
are homotopy fibre sequences: 

%{S'',Fn-aig{A,B)) ^T{S^Fn_,ig{A,B)) ^Fn_aig{A,B) 



? > Fii_,ig{A, B^") Fn-aig{A, B) 

Here the horizontal rightmost arrows arc both induced by the inclusion of the base point into S'^ . Since 
the right and the middle vertical arrows are weak equivalences (even isomorphisms) it follows that the map 
%{S'^ , Map{A, B)) — is a weak equivalence. But Theorem 4.1 tells us that the -R-algebra B^'' is weakly 
equivalent as an i?-algebra to B V Yi~'^B. In other words the term ? is weakly equivalent to the topological 
space of maps A^ By T,~''^B which commute with the projection onto A. Therefore ? is weakly equivalent 
to 0°°Der/j(A, Y,~'^B) and our theorem is proved. □ 

Corollary 4.4. For a q-cofibrant algebra A and a map of R- algebras f : A^ B there is a bijection between 
sets TTdiFn-aigiA., B), f) and Der^{A,B) for d > 1. If d > 2 then this bijection is an isomorphism of 
abelian groups. 

Remark 4.5. One might wonder whether Theorem. 4-3 remains true in the context of commutative S- 
algebras. The answer is no. The crucial point is the weak equivalence of S- algebras S V S^^ and . It is 
clear that noS Asvs-^ ^ is the divided power ring. However N.Kuhn and M.Mandell proved that wqS Ags^ S 
is the ring of numeric polynomials. Therefore S\/ and S^^ cannot be weakly equivalent as commutative 
S-algebras. 

We see, that the space F^-aig {A, B) when looped only once becomes an infinite loop space. This is 
somewhat surprising since FR-aig{A, B) is hardly ever an infinite loop space itself. In particular the set of 
connected components of Fi^^aig{A, B) does not have to be a group, let alone an abelian group. Therefore 
the connection between noFn-aigiA, B) and Der'^{A,B) (provided the latter is defined) may be rather 
weak. For instance the set of homotopy classes of self-maps of the p-completed /^-theory spectrum is 
the multiplicative group of p-adic integers whereas the corresponding topological derivations spectrum can 
be proved to be contractible. A generalization of this example is discussed in author's work [11]. However 
there is some evidence for the following 

Conjecture 4.6. For an R-algebra map f : A ^ B the connected component of f in Fji_aig{A, B) is weakly 
equivalent to the connected component of Q.°°'Der fi{A, B) . In particular it is an infinite loop space. 

To sec why this conjecture has a chance of being true notice that the Whitehead products in the homotopy 
groups of Fji-aig{A., B) determine via Theorem 4.3 various brackets in Der'^{A, B) and, for commutative 
A and B - also in THH*^{A, B). No such brackets have been recorded so far and it seems likely that they 
should all vanish. This suggests that the connected component of / in Fn-aigiA, B) is an iJ-space. 

There is another interesting question raised by Theorem 4.3. In recent work [12] J.McClure and J.Smith 
introduced the Gerstenhaber bracket on THHfl(A,A). Their work probably implies the existence of the 
bracket on 'Derii{A, A). This is surely the case if A is commutative since then 'Derfj{A, A) splits off 
THHfl(A, A) as a wedge summand. Then via Theorem 4.3 a Poisson bracket is defined on 7r*FR_a;g(A, A) 
for * > 0. 

Conjecture 4.7. The bracket described above agrees with the Whitehead product on BFji-aigiA, A), the 
classifying space of the monoid Fji-aig{A.,A). 

We see that the problem of computing woFR-aigiA, B) differs sharply from computing higher homotopy 
groups. This problem is usually much harder, being essentially nonabelian. However there is one case when 
it is possible to give a complete general answer. 

Theorem 4.8. Assuming that R is connective let A be a connective q-cofibrant R-algebra, and B a co- 
connective R-algebra (i.e. iTiB = for i > 0). Then any woR-algebra map ttqA — > woB lifts to a unique 
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R-algebra map A ^ B so that the forgetful map [A, B]a Horn-^i^n^aigiT^o^TT^aB) is bijective. Moreover 
the topological space Fn-aigi^, B) is homotopically discrete, i.e. TriFfi-aig{A, B) = fori > 0. 

Similarly if A and B are both commutative R-algebras, where B is coconnective and A is q-cofibrant and 
connective then the forgetful map [A, B]c _ffom^„/j_a/g(7roj4, ttq-B) is bijective and the space of commutative 
R-algebra maps from A to B is homotopically discrete. 

Proof. We will deal only with the associative case, the commutative one being completely analogous. Picking 
a system of generators and relations for the Tro-R-algebra ttqA we construct the following pushout diagram in 
the category of i?-algebras: 

nUjR) ^ R 

I I (8) 

TiUiR) ^ ^° 

Here the sets / and J run respectively through the systems of generators and relations in ttqA. There is 
a canonical -R-algebra map from A'^ to A that induces an isomorphism on zeroth homotopy group. The 
i?-algcbra A" is the zeroth skeleton of A in the category of i?-algobras and (the CT4^-approximation of) A is 
obtained from A° by attaching i?-algebra cells in higher dimensions. Then induction up the CVF-filtration 
of A shows that the map A^ ^ A induces a weak equivalence FR-aig{A, B) ~ Fii-aig{A^ , B). 

Further applying the functor FR-aig{T,B) to the diagram (8) we get the following homotopy pullback of 
topological spaces: 

n J ttqB ^ pt 

T T 

Ui^oB ^ Fn-aig{A",B) 

It follows that the space Fii-aig{A° , B) is homotopically discrete with the set of connected components being 
equal to HomT,aR-aig{'KoA,'KoB). □ 

Now let k be an associative ring. Recall that according to [8], Proposition IV. 3.1 the Eilenberg-MacLane 
spectrum Hk admits a structure of an S'-algebra or a commutative S'-algebra if k is commutative. Theorem 
4.8 shows that this structure is unique up to a weak equivalence of S-algebras or commutative S-algebras. 
We also have the following evident corollary which will be used in the next section. 

Corollary 4.9. Let A be a connective q-cofibrant S-algebra or commutative S-algebra. Then the topological 
space of S-algebra maps (or commutative S-algebra maps) from A to HttqA is homotopically discrete and 

T^oFs-algiAHwoA) = Endrings{T^oA). 

5. Spaces of multiplicative self-maps of MU 

In this section we study the homotopy groups of ^oo-maps from the complex cobordism spectrum MU 
into itself. Our main result here is that any homotopy multiplicative operation MU — > MU lifts canonically 
to an 5'-algebra map. We also calculate completely higher homotopy groups of 5'-algebra maps out of MU 
into an arbitrary M[/-algebra E. In this section we work with various homotopy categories and so smash 
products and function spectra are understood in the derived sense. 

Before we state our main theorem we need to introduce the notion of Q-commutative 5-algebras and 
Q-preferred 5'-algebra maps. 

Definition 5.1. Let A be an S-algebra and denote by Aq its rationalization. We say that A is Q-commutative 
if the Aq is weakly equivalent as an S-algebra to a commutative S-algebra. 

Remark 5.2. Later on all Q-commutative S-algebras which we encounter will in fact be commutative. 
Notice, however, that it is not always the case. Denote by S[xi] the free S-algebra on the S-module S'l^ 
the cell approximation of the 2i- dimensional sphere. Then clearly Sq[xi] is weakly equivalent to the free 
commutative S-algebra on Sq. Therefore S[xi\ is a Q-commutative S-algebra which is not commutative 
unless i = 0. 

Consider two Q-commutative 5-algebras Aq and Bq. We have the following maps: 

k : [^Q, Bq\c > [Aq, Bq]a < [A, B]^ : q . 

Here k is the forgetful map and q is induced by rationalization. 
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Deflnition 5.3. A map f G -B]q is called Q-preferred if q{ f) G [v4Q,i?Q]a is in the image ofk. Similarly 
for an A-bimodule M which is Q-symmetric (that is, the square-zero extension AV M is Q- commutative) an 
S-algebra derivation d : A ^ A\/ M is called Q-preferred if d is '^-preferred as an S-algebra map. 

In other words a map of S'-algebras (or a topological derivation) is Q-preferred if it lifts to a map (to a 
derivation) of commutative S'-algebras after rationalization. 

Theorem 5.4. The forgetful map of monoids 

[MU, MU]a ^ Mult{MU, MU) 

admits a unique section whose image consists of Q-preferred S-algebra maps. 

The proof will be given below after a succession of lemmas. 

Remark 5.5. The set Mult{MU,MU) is relatively well understood. One can describe it for example as the 
set of all MUt:-algebra maps 

MUMU = MU* [tiM,--] ^ MU* . 

Our next result is the computation of topological Hochschild cohomology of MU with coefficients in an 
MU -algebra E. Since there is a canonical splitting of spectra 

THHs(M[/, E)-:^Ey Y.-'^'DersiMU, E) 

the combination of this result with Corollary 4.4 gives a complete calculation of higher homotopy groups of 

the based space Fs-aig(MU, E). 

Proposition 5.6. For an MU -algebra E considered as an MU -bimodule the following isomorphism holds 

THH*s{MU,E)^AE,{yi,y2,-.-) 

where the hat denotes the completed exterior algebra and the exterior generator yi has cohomological degree 
2i-l. 

Proof. Consider the topological Hochschild homology S-module of MU with coefficients in E, 

THH^(M[/, E) := MU Amuamu E ^ MU Amuamu MU Amu E. 
We have the spectral sequence of MC/*-algebras 

El=Torti'''^''{MU*,MU*) 

= MU* (x) A(j/i, ?/2, • • •) ^ 7r,THH'5(AfJ7, MU). 

Since the differentials applied to the exterior generators yi are trivial for dimensional reasons we conclude 
that it collapses. It follows that 

n*TH.U^{MU,E) = tt^TKU^ (MU, MU) ®mu, E* 

= E*iS)A{yi,y2,...). 

Now the result for topological Hochschild cohomology follows by virtue of the universal coefficients formula 
and the isomorphism 

THHs (MC/, E) = FEiTUU^ {MU, E),E). 
Proposition (5.6) is proved. □ 

Recall that we are using the notation S'Qfajj] for the free commutative 5-algebra on the S-module Sq, the 

rationalized 2z-sphere S-module. The coefficient ring of S'Q[a::i] is isomorphic to Q[xi] where the polynomial 
generator Xi has degree 2i. Further denote the infinite smash power ^{^[a;!]^"" by SqIxijX^, • . •]• 

Lemma 5.7. There is a weak equivalence of commutative S-algebras 

Sq[xi,X2, ■ ■ ■] *- MUq . 

Proof. The polynomial generators Xj of the ring MUq* = Q[xi, a;2, . . .] determine a collection of maps 
Sq — > MUq and therefore a map of commutative algebras S'Q[a;i]^°° MUq which is clearly a weak 
equivalence. □ 
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Definition 5.8. Let E be a ring spectrum, (in the traditional up to homotopy sense) with multiplication 
m : E AE E and M an E-bimodule spectrum with the left action mi : E A M M and the right action 
rUr : MaE M. We say that a map f : E ^ M is a primitive operation iffom and mro{f Aid)+mio{idAf) 
are homotopic as maps from E A E to M. The set of all primitive operation from E to M is denoted by 

Prim{E, M) 

Remark 5.9. Perhaps it is more natural to use the term 'derivation' instead of 'primitive operation' but 
this term is already overworked in this paper. 

The next lemma provides a description of topological derivations of MU with coefficients in HTj, the 
integral Eilonbcrg-MacLane spectrum. 

Lemma 5.10. There is the following isomorphism of graded abelian groups: 

Der*s{MU, HZ) ^ A*-\y„y2 . . .)/Z. 

Under the forgetful map 

I : Der*s{MU,HZ) ^ [MU,HZ\* = Hom{Z[ti,t2, . . .],Z) 

the elements yi G Der^~^ {MU, HZ) correspond to the derivations dt^ evaluated at 0. Moreover the elements 
yi are Q-preferred topological derivations. 

Proof. We have the spectral sequence 

Der*{HZ,MU,Z) = A*-\yi,y2 . . .)/Z 

DerHj^{HZ A MU, HZ) = Der*g{MU, HZ). 

This spectral sequence clearly collapses. Next using Proposition 3.7 we see that the image of the element yi 
under the forgetful map I in the group 

[HZ A MU, HZ]*Hz_^,^ = [MU, HZ]* = Hom*{Z[tut2, - • •], Z) 

is precisely the algebraic derivation 9t. evaluated at (up to elements of higher filtration). Since this image 
is contained in the subgroup of primitive operations MU —> HZ none of these elements of higher filtration 
are present. 

To see that yi are Q-preferred derivations let us introduce the notation CDer*{MUQ,HQ) to denote 

topological derivations of MUq with values in i7Q ~ Sq in the category of commutative S-algcbras. (These 
commutative derivations are also known as topological Andre-Quillen cohomology, cf.[2]). Then since MUq 
is a free commutative ^-algebra we see immediately that 

CDer*{MUq,HQ) = Der*{MUq,,Q) = Q < d^„d^„ ...> 

the right hand side being the set of derivations (in the usual algebraic sense) of the algebra MUq,, with values 
in the rational numbers. Here we denoted by the standard derivation dx^ of the ring MUq = Q[a;i , a;2, . . .] 
composed with evaluation at zero. 

On the other hand Der*g{MUq, HQ) ^ AQ~^(yi, 2/2 • • ■)/Q- We need to prove therefore that the forgetful 
map 

CDer*{MUq,HQ) ^ Der*s{MUq, HQ) 

sends the elements dx^ to yi. 

Since the commutative 5- algebra HQ[xi] ~ S'Qfajj] is free as a commutative S-algebra as well as an 
(associative) ^-algebra it follows that 

CDer*{Hq[x,],HQ) = Der* iQ[x,],Q) = Q < 4, > ■ 

There is a unique map of commutative 5- algebras MUq HQ[xi] which corresponds to quotienting out 
the ideal {xi,X2, • • • , a;i_i, f j, Xj+i, . . .) in the coefficient ring of MUq. We have the following commutative 
diagram: 

CDer*{HQ[xi],Hq) Der*{ 



CDer*{MUq, HQ) > Der*s{MUq, HQ) 
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from which it is clear that the image of in Der*{MUq, HQ) is y, and the lemma is proved. □ 

Corollary 5.11. The, set of Q-preferred derivations of MU with values in HIj maps bijectively onto the set 
of primitive cohomology operations MU HZ under the forgetful map Der*g{MU, HZ) [MU,HZ]* . 

Lemma 5.12. Let A be an S-algebra and B a commutative S-algebra. Suppose that B has a structure of 
an A-bimodule via a map of S- algebras A ^ B. Then Ttltis{A, B) has a structure of a B-bimodule and 
there is a canonical splitting of B-bimodules THH5(^, S) ~ B V T,~^'Ders{A, B). 

Proof. Consider the following sequence of S-algebra maps: 

B THHs(B,S) ^ Fbabop{B,B) Fbaaop{B,B) ^ THHs(AS). 

The first map exists because B is commutative, the middle map is induced by the S'-algebra map A ^ B 
and the last equivalence is Corollary 3.3. The composite map B TllH.s{A, B) supplies TJlHsiA. B) 
with a structure of a _B-bimodulc and splits the canonical map THH5(A, B) —> B. □ 

Let us introduce the notation MUn for the nth Postnikov stage of MU. Then M[/„ is an S-algebra (even 
a commutative S-algebra). 

Lemma 5.13. There is the following weak equivalence of MUn*-niodules: 

THH*s{MU, MUn) = ^Mu„, (2/1,2/2, ■ • •) 

where MUn is considered as an MU-bimodule via any (not necessarily central) map of S- algebras f : MU 
MUn. 

Proof. Since MUn is a commutative S-algebra the multiplication map 

MUn A MUn "^^—^ MUn 

is an S-algebra map. Therefore the composition 

MU A MUn MUn A MUn MUn 

is also an S-algebra map. This gives the following weak equivalence of S-modules: 
THHs(MC/, MUn) = FMUr^MU^ {MUn, MUn) 

^ FMuJMUn AmUAMU„ MUn, MUn). 

Therefore it is enough to show that 

-K^MUn AmUAMUu MUn = AMi7„. (^1 , ^^2 • • •)• 

(The exterior generators yi e THHg{MU, MUn) will be dual to yi). 
Consider the spectral sequence 

Torilf^*^^" {MUn., MUn*) = Amu„, {vi,y2. . . .) ^ ^,MUn Amuamu^ MUn (9) 

This spectral sequence is not multiplicative since the map / : MU MUn niay not be central. However it 
is a spectral sequence of M[/„*-modules. 
Let us introduce another spectral sequence 

Tor^J^''^U{MU.,MU.) = AMuAvum, • • •) ^ ^*MU Amuamu MU (10) 

Then the map / : MU MUn induces a map of spectral sequences (10)^(9). Further the spectral sequence 
(10) is multiplicative and collapses for that reason. Therefore in (9) all elements of the form y~i^ Ay'i^A... yl^. 
are permanent cycles and it follows that (9) collapses. Lemma 5.13 is proved. □ 

Suppose as before that we have an Mi7-bimodule structure on MUn+i via some S-algebra map / : 
MU — > MUn+i. Composing / with the canonical map in the Postnikov tower p„ : MUn+i — > MUn we get 
an M?7-bimodule structure on MUn also. Then we have the following 

Corollary 5.14. The induced map Der*s{MU, MUn+i) — > Der*s{MU, MUn) is onto. 



SPACES OF MULTIPLICATIVE MAPS BETWEEN HIGHLY STRUCTURED RING SPECTRA 



13 



Proof. Indeed, the map 

THH*s{MU, MUn+i) = Amu„+„ (2/1,2/2, • • •) 

^ Amc/„. (2/1,2/2, . . .) = THHl{MU, MUn) 
is clearly onto and our claim follows from Lemma 5.12. □ 

Proof of Theorem 5.4- We start by outlining the strategy of the proof. Take a multiplicative operation 
/ e Mult{MU, MU). Define /„ : MU MUn as the composition 

MU — ^ MU MUn ■ 

(Recall that we denoted by p„ the canonical projection onto the nth Postnikov stage.) Then by Corollary 
4.9 the map /o : MU — > MC/q = HZ. is homotopic to a unique ^-algebra map which we will denote by /q. 
Proceeding by induction assume that there exists a unique Q-preferred /S-algebra map /„ : MU — > MUn 
which is homotopic to /„ when considered as a map of S'-modules. We will see that 

• /„ admits a Q-preferred lifting to an S'-algebra map MU MUn+i and 

• there is a one-to-one correspondence between such liftings and the set of liftings of /„ to a homotopy 
multiplicative map MU — > MUn+i- 

In particular /„+i being one of such liftings can be realized as a Q-preferred 5-algebra lifting in a unique 
fashion. 

We now proceed to realize the above program in detail. The first thing is to show that there exists a 
lifting of /„ in the category of 5-algebras. The homotopy fibre sequence 

E'^+^Hnn+iMU ^ MUn+i ^ MC/„ (11) 

is a topological singular extension by Theorem 2.6. Then Theorem 2.5 tells us that the obstruction to an 5*- 
algebra lifting /„ to MUn+i is a certain element a G Derg{MU, Y,H-Kn+iMU). More precisely, the extension 
(11) is associated with a derivation 

d : MUn > MUn V S"+2if7r„+iM?7 

and £7 : MU MUn V S"+^ff7r„+iM?7 is the composition of d with Pn : MU MUn- 

Furthermore, notice that the set of S'-algebra maps MUq MUqn+i is in bijective correspondence with 
the set of ring maps MC/q* ^ MUiQn+i* ■ Since MUq^ is a polynomial algebra we see that a lift of /„ does ex- 
ists after rationalization. Therefore the image of a in Derg{MU, 'S"''^'^ HTTn+iMUq) is zero. But HiTn+iMU 
is a wedge of suspensions of HZ and according to Lemma 5.10 the abclian group Derg{MU, HiTn+iMU) 
has no torsion. It follows that cr = as an element in the group Derg{MU, TjH-Kn+iMU) and a lift of /„ 
exists integrally (though not necessarily Q-prcferred) . By Theorem 2.5 the homotopy fibre of the map 

Fs-alg{MU, MUn+l) ^ Fs-alg{MU, MUn) 

taken over the point /„ G Fs-aig{MU, MUn) is weakly equivalent to the zeroth space of the spectrum 
Ders(Mf/, 5]"+ii?7r„+iMC/). 

Therefore denoting by [MU, MUn+i]a-^* C [MU, MUn+i]a the set of homotopy classes of S'-algebra maps 
MU — > MUn+i lifting /„ we have the following long exact sequence: 

. . . ^ Ders\MU, E"+iif7r„+iMf/) 7riFs-aig{MU,MUn+i) 

TTiFs-aia{MU,MUn) Der%{MU,Tr+^HTZn+iMU) 
^[MU,MUn+iy:^' ^pt 
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which is the same (by Theorem 4.3) as the long exact sequence 

... — > Ders\MU, TP+^Hnn+iMU) — > Derg^MU, MU^+i) 

— > DersHMU,MU„) — > Der%{MU,T.''+^Hnn+iMU) 
^[MU,MUn+i]T —^Pt- 

By Corollary 5.14 the map 

Ders\MU, MUn+i) ^ Derg\MU, MU„) 

is onto and we conclude that the map 

Der°{MU, S"+iif7r„+iM?7) > [MU, MUn+if^^^ 

is bijective. So the set of all possible lifts of fk is in one-to-one correspondence with elements in the 
group Derg{MU,T,'^^^ HiTn+iMU). Clearly the set of all Q-prcfcrrcd lifts corresponds under this iso- 
morphism to the set of Q-preferred topological derivations of MU with values in S"+^if7r„+iM?7. By 
Corollary 5.11 these Q-preferred derivations are identified with the set of primitive operations from MU to 
5]"+^iJ7r„+iMC/. So we established a one-to-one correspondence between the set of Q-preferred lifts of /„ 
and Prim{MU, T.'^+^Htt^+iMU). 

Now we examine the question of lifting the map /„ up to homotopy to a homotopy multiplicative map 
MU — > MUn+i- Clearly the homotopy class of any map of S'-modules MU — > MUk is determined by its 
rationalization, i.e, the rationalization map [MU,MUk] — >■ [MUq,MUqk] is injective. It follows that the 
map 

Mult{MU, MUk) ^ MultiMUq, MUqk) 

is also injective. 

Further we have the following bijection (for any k) 

Mult{MUQ, MUko) - HomringsiMUq^, MUqk*) 
Therefore there is a short exact sequence 

— > Prim(M?7Q, S"+i/f7r„+iM?7Q) = £>er(M?7Q*, tt^+iMJ/q) 

— >■ Mult{MUq, MUqn+i) — > Mult{MUq, MUqn) — > pt (12) 

Of course the last three terms arc only sets. The exactness here means that Mult{MUQ. MUqu+i) has a faith- 
ful action of the group Prim{MUq, T,"^^ Hnn+iMUq) so that the quotient is isomorphic to Mult{MUq, Mf/Q„).| 
Consider the diagram of fibre sequences 

S"+ii?7r„+iMt/ ^ MUn+i ^ MUn 

S"+ii?7r„+iM?7Q„+i ^ MUqn+i > MC/q„ 

Taking into account the fact that MU^_^-^MU surjects onto MU^MU for any k we obtain a map of short 

exact sequences 

^ [MU, S"+iiJ7r„+iMt/] ^ [MU, MUn+i] ^ [MU, MUn] ^ 



^ [MUq,T,''+'^H-Kn+iMUq] ^ [MUq,MUqn+i] > [MUq,MUqn] ^ 
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Notice that all downward maps are injections. Combining this with (12) we find that there is a short exact 
sequence 

— > Prim{MU, Y.'^+^ Hiin+iMU) 
— > MultiMU, MUn+i) — > Mult{MU, MUn) — > 

That is the indeterminacy in lifting the map /„ : MU —>■ MUn is precisely the set of primitive cohomology 
operations Prim{MU, S"+^if7r„+iMJ7). We see that the set of lifts of the map /„ to a a homotopy multi- 
plicative map is in one-to-one correspondence with Q-preferred S'-algebra lifts. This completes the inductive 
step and shows that the original homotopy multiplicative map / : MU MU can be improved in a unique 
way to a Q-preferred ^-algebra map. 

So we succeded in finding a section i : Mult{MU, MU) [MU, MU]a of the forgetful map j : [MU, MU]a ^| 
Mult(MU, MU) so that the image of i consists of Q-preferred 5-algebra self-maps of MU. To see that i 
respects composition notice that for f,g€ Mult{MU, MU) the S'-algebra map i{f) oi(g) is Q-preferred and 
° = ./ ° .9- Since there is a unique Q-prcfcrrcd S'-algebra self-map whose image under j is f o g 
we conclude that i(f) o z(g) — i[f o g). With this the proof of Theorem 5.4 is completed. 

Remark 5.15. Using the Bousfield-Kan mapping space spectral sequence (cf. [5]) it is possible to calculate 
the set of all S-algebra self-maps of MU. However this approach leads to the identification of [MU, MU]a 
only as a set, not as a monoid. It seems that the monoid structure on [MU,MU]a should be related to the 

Gerstenhaber bracket on THH^{MU,MU) 

Now consider an S-algebra E with a fixed map of S-algebras / : MU E Suppose that E satisfies the 
following condition: 

(S) The unit map / : MU* — » E* is surjective. 

Remark 5.16. In [7] it was proved that a rather broad class of C-oriented spectra (namely those which are 
obtained by killing any regular ideal in the ring MU) can be supplied with MU -algebra structures. For this 
class of spectra the condition (S) is obviously satisfied. 

Corollary 5.17. For an S-algebra E satisfying the condition (S) any multiplicative operation MU E 
can be lifted (perhaps in a non-unique way) to an S-algebra map. 

Proof. The condition (S) guarantees that the map 

Mult{MU, MU) MultiMU. E) 

induced by the given map / : MU —^Eis surjective. In other words any multiplicative operation g : MU — > 
E can be represented as a composition /lo/ where h e Mult{MU, MU). Since h can be lifted to an S-algebra 
self-map of MU our claim follows. □ 

As another consequence of Theorem 5.4 we will show that the p- local Brown-Peterson spectrum BP is 
an Aoo-retract of MUi^,), the spectrum MU localized at p. Recall from e.g. [13], 4.1 that there exists a 
multiplicative cohomology operation g : MU^p-^ MUi^p-^ which is idempotent and whose image is the }>local 
spectrum BP. 

Theorem 5.18. There exists an S-algebra map f : MU^p-^ — > BP which has a right inverse S-algebra map 

h: BP ^ MUi^pY 

Proof. According to Theorem 5.4 the multiplicative operation g : MU(p) MU(^p) determines a map of 
S-algebras which we will denote by the same letter. Without loss of generality we can assume 5 to be a 
q'-cofibration of S-algebras. Consider the diagram in the category of S-algebras: 

MU^p) MU^p) . . . 

a a 

Mf/(j,) MU(p) . . . 

Each square in this diagram is commutative since the operation g is idempotent. The colimit of the upper row 
taken in the category of S-algebras coincides with the colimit taken in the category of spectra by Cofibration 
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Hypothesis ([8], VII. 4) and both arc equivalent to BP. (That shows that BP is an S'-algebra). Now the; map 
/ : MU(^p) — *■ BP is just the canonical map to the colimit. Next the colimit of the lower row is obviously 
M[/(p) and therefore there exists an 5-algebra map h : BP MU^p^ . It follows that f oh : BP — > BP is 
homotopic to the identity and Theorem 5.18 is proved. □ 

Remark 5.19. It can he shown (cf. [10], [1], [7]) that BP actually supports a structure of an MU-algebra. 

Remark 5.20. It seems natural to conjecture that any Q-preferred S-algebra self-map of MU lifts to a 
commutative S-algebra self-map. This conjecture, if true, would imply the existence of a canonical £^oo ring 
structure on BP, a long-standing problem posed by P.May. The first (to author's knowledge) serious attack 

on this problem was undertaken by I. Kriz in his 1993 preprint [9]. This paper inspired much activity in the 
area, however it is still regarded as a program for further work rather than a definitive solution. 

Even though we don't know whether BP is a commutative S'-algebra we can use Theorem 5.18 to compute 
homotopy classes of Aoo-maps out of BP. 

Corollary 5.21. For an S-algebra E satisfying the condition {S) every multiplicative operation BP E 
lifts to an ring map BP E (perhaps in a non-unique way). 

Proof. The composition of the multiplicative operation BP E with the canonical projection MU BP 
determines a multiplicative operation MU — > E. This operation lifts to an S-algebra map. Composing this 
5-algebra map with the splitting map BP — > MU (which we know is an S-algebra map by Theorem 5.18) 
we find the desired S-algebra map BP E. □ 

Acknowledgement. The author would like to thank P.Goerss and N.Kuhn for many stimulating discus- 
sions. 
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